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ON THE GENERALIZATION OF FALTINGS’ ANNIHILATOR
THEOREM
MOHAMMAD-REZA DOUSTIMEHR AND REZA NAGHIPOUR∗
Abstract. Let R be a commutative Noetherian ring and let n be a non-negative in-
teger. In this article, by using the theory of Gorenstein dimensions, it is shown that
whenever R is a homomorphic image of a Noetherian Gorenstein ring, then the in-
variants inf{i ∈ N0| dimSupp(btHia(M)) ≥ n for all t ∈ N0} and inf{λbRpaRp(Mp)| p ∈
SpecR and dimR/p ≥ n} are equal, for every finitely generated R-module M and for
every ideals a, b of R with b ⊆ a. This generalizes the Faltings’ Annihilator Theorem
[G. Faltings, U¨ber die Annulatoren lokaler Kohomologiegruppen, Arch. Math. 30 (1978)
473-476].
1. Introduction
Throughout this paper, let R denote a commutative Noetherian ring (with identity)
and a an ideal of R. For an R-module M , the ith local cohomology module of M with
support in Var(a) is defined as:
H ia(M) = lim−→
n≥1
ExtiR(R/a
n,M).
Local cohomology was first defined and studied by Grothendieck. We refer the reader to [4]
or [8] for more details about local cohomology. An important theorem in local cohomology
is Faltings’ Annihilator Theorem [6] for local cohomology modules, which states that, if R
is a homomorphic image of a regular ring or R has a dualizing complex, then the invariants
f ba (M) and λ
b
a(M) are equal, for every choice of the finitely generated R-module M and
for every choice of the ideals a, b of R with b ⊆ a, where f ba (M) = inf{i ∈ N0 | b 6⊆
Rad(0 : H ia(M))} (resp. λba(M) = inf{depthMp + ht(a + p)/p | p ∈ SpecR \ Var(b)}) is
the b-finiteness dimension of M relative to a (resp. the b-minimum a-adjusted depth of
M), see [4, Definitions 9.1.5 and 9.2.2].
Recently, Khashyarmanesh and Salarian in [9], gave a very elegant generalization of the
Faltings’ Annihilator Theorem over Gorenstein rings. It is well-known that
f ba (M) = inf{i ∈ N0 | btH ia(M) 6= 0 for all t ∈ N0}
= inf{i ∈ N0 | dimSupp btH ia(M) ≥ 0 for all t ∈ N0}.
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and
λba(M) = inf{λbRpaRp(Mp)| p ∈ SpecR}
= inf{λbRpaRp(Mp)| dimR/p ≥ 0}.
Now, for a non-negative integer n, we define the nth b-finiteness dimension ofM relative
to a (resp. the nth b-minimum a-adjusted depth of M) by
f ba (M)n := inf{i ∈ N0 | dimSupp btH ia(M) ≥ n for all t ∈ N0}.
(resp.
λba(M)n =: inf{λbRpaRp(Mp)| dimR/p ≥ n}).
Note that f ba (M)n and λ
b
a(M)n are either positive integers or ∞ and that f ba (M)0 =
f ba (M) and λ
b
a(M)0 = λ
b
a(M). So it is rather natural to ask whether Faltings’ Annihilator
Theorem, as stated in above, generalizes in the obvious way to the invariants f ba (M)n and
λba(M)n. More precisely, as a main result of this paper, we prove the following:
Theorem 1.1. Assume that R is a homomorphic image of a Gorenstein ring. Let a and
b be ideals of R such that b ⊆ a, and let M be a finitely generated R-module. Then, for
every non-negative integer n,
f ba (M)n = λ
b
a(M)n.
The result in Theorem 1.1 is proved in Theorem 2.14. Our method is based on the
theory of Gorenstein dimensions or G-dimension. One of our tools for proving Theorem
1.1 is the following, which will play a key role in this paper.
Proposition 1.2. Assume that R is a Gorenstein ring. Let a and b be ideals of R such
that b ⊆ a, and let M be a finitely generated R-module. Then, for every non-negative
integer n,
f ba (M)n = λ
b
a(M)n.
Throughout this paper, R will always be a commutative Noetherian ring with non-zero
identity, a, b will denote ideals of R and M will denote a finitely generated R-module. For
any ideal a of R, we denote {p ∈ SpecR : p ⊇ a} by V (a). Also, for any ideal b of R, the
radical of b, denoted by Rad(b), is defined to be the set {x ∈ R : xn ∈ b for some n ∈ N}.
For any unexplained notation and terminology concerning Gorenstein dimensions we refer
the reader to [5].
2. Faltings’ Annihilator Theorem
The main goal of this section is to provide a generalization of the Faltings’ Theorem for
the annihilation of local cohomology modules over a Gorenstein ring. The main results are
Theorems 2.10 and 2.14. Firstly, let us, introduce the concept of Gorenstein dimension.
The notion of Gorenstein dimension (G-dimension) was introduced by Auslander [1] and
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was deeply studied by him and Bridger [2]. For an R-module L the biduality map is the
canonical R-homomorphism
δL : L −→ HomR(HomR(L,R), R),
defined by δL(x)(f) = f(x) for all f ∈ HomR(L,R) and x ∈ L.
Definition 2.1. (cf. [5, 1.1.2]) A finitely generated R-module M belongs to the G-class
G(R) if and only if
(1) ExtiR(M,R) = 0 for all i > 0;
(2) ExtiR(HomR(M,R), R) = 0 for all i > 0;
(3) The biduality map δM :M −→ HomR(HomR(M,R), R) is an isomorphism.
Definition 2.2. (cf. [5, 1.2.1]) A G-resolution of a finitely generated R-module M is a
sequence of modules in G(R),
· · · −→ Gl −→ Gl−1 −→ · · · −→ G2 −→ G1 −→ G0 −→ 0,
which is exact at Gl for all l > 0 and has G0/Im(G1 −→ G0) ≃ M . That is, there is an
exact sequence
· · · −→ Gl −→ Gl−1 −→ · · · −→ G2 −→ G1 −→ G0 −→M −→ 0.
The resolution is said to be of finite length n if Gn 6= 0 and Gl = 0 for all l > n.
Note that every finitely generated R-module has a resolution by finitely generated free
modules and, thereby, a G-resolution.
Definition 2.3. (cf. [5, 1.2.3]) A finitely generated R-module M is said to have finite
G-dimension, if it has a G-resolution of finite length. We set Gdim0 = −∞ and for
M 6= 0, we define G-dimension of M as follows: for any positive integer n, we say that M
has G-dimension at most n, and write GdimRM 6 n if and only if M has a G-resolution
of length n. If M has no G-resolution of finite length, then we say that it has infinite
G-dimension and write GdimRM =∞.
Corollary 2.4. A commutative Noetherian local ring R is Gorenstein if and only if every
finitely generated R-module has finite G-resolution.
Proof. See [7, Corollary 2]. 
Remark 2.5. Let M be a finitely generated R-module. For each t ∈ N0 ∪ {−∞}, put
Ct(M) = {p ∈ SpecR | GdimMp > t} and ct(M) =
⋂
p∈Ct(M)
p. Then Ct(M) is a closed
subset of SpecR (in the Zariski topology) and√
0 : M = c−∞(M) ⊆ c0(M) ⊆ c1(M) ⊆ · · · ⊆ ct(M) ⊆ · · · .
We now state and prove some preliminary lemmas and a proposition which help us to
conclude the main results.
Lemma 2.6. Let M be a finitely generated R-module, and let p ∈ SpecR be such that
GdimMp < ∞. Then there exists s ∈ R \ p such that, for every proper ideal a of R, we
have
sH ia(M) = 0 for all i < grade(a, R)−GdimMp.
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Proof. Set h := GdimMp. We use induction on h. If h = −∞, then Mp = 0 and the result
is clear from [4, Lemma 9.4.1]. When h = 0, the desired result follows from [9, Lemma
2.9]. We therefore assume, inductively, that h > 0 and the result has been proved for
smaller values of h. There is a non-zero, finitely generated free R-module F and an exact
sequence
0 −→ N −→ F −→M −→ 0
of R-modules and R-homomorphisms. Localization yields an exact sequence
0 −→ Np −→ Fp −→Mp −→ 0.
Therefore, in view of [5, Corollary 1.2.9(c)], GdimNp = h − 1 and so, by inductive hy-
pothesis, there exists s ∈ R\p such that, for every proper ideal a of R, we have
sH ia(N) = 0 for all i < grade(a, R)− h+ 1.
Thus sH i+1a (N) = 0 for all i < grade(a, R) − h. Let a be a proper ideal of R and let
i ∈ N0 with i < grade(a, R)− h. Now, in view of the exact sequence
H ia(F ) −→ H ia(M) −→ H i+1a (N)
and [4, Lemma 6.2.7], we have sH ia(M) = 0. This completes the inductive step. 
Lemma 2.7. Let M be a finitely generated R-module, and t ∈ N0 ∪ {−∞}. Then there
exists n ∈ N such that, for every proper ideal a of R, we have
ct(M)
nH ia(M) = 0 for all i < grade(a, R)− t.
Proof. Let p ∈ U := SpecR \ Ct(M). Thus GdimMp 6 t. By Lemma 2.6, there ex-
ists sp ∈ R \ p such that, for every proper ideal a of R, we have sH ia(M) = 0 for all
i < grade(a, R)−GdimMp. Set g :=
∑
p∈U spR, and observe that, for every proper ideal
a of R, we have gH ia(M) = 0 for all i < grade(a, R) − t. As ct(M) ⊆
√
g, there exists
n ∈ N such that ct(M)n ⊆ g, and the result now follows from this. 
Proposition 2.8. Let R be a Gorenstein ring, let M be a finitely generated R-module,
and let a, b be ideals of R such that b ⊆ a. Then, for all q ∈ V (a) with dimR/q ≥ n,
bRq ⊆ cht q−λba(M)n(Mq).
Proof. Let q ∈ Var(a) with dimR/q ≥ n and let p be an arbitrary prime ideal of R such
that pRq ∈ Cht q−λba(M)n(Mq). It is enough to show that bRq ⊆ pRq. To achieve this,
suppose that the contrary is true, i.e., bRq 6⊆ pRq, and look for a contradiction. Then it
follows from [4, Remarks 9.2.3] that
∞ > depthMp + ht (qRq + pRq)/pRq ≥ λbRqqRq(Mq) ≥ λ
bRq
aRq
(Mq) ≥ λba(M)n.
Next, since Rq is catenary, it yields that
ht q− ht p = ht qRq − ht pRq = ht qRq/pRq = ht (qRq + pRq)/pRq.
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Also, as Rp is Gorenstein, it follows from Auslander-Birdger formula (see [5, Theorem
1.4.8] and Corollary 2.4, that
depthMp +GdimMp = depthRp = ht p.
Consequently
ht p−GdimMp + ht q− ht p ≥ λba(M)n,
and so
Gdim (Mq)pRq = GdimMp 6 ht q− λba(M)n.
Therefore pRq 6∈ Cht q−λba(M)n(Mq), which is a contradiction. 
Lemma 2.9. Let L −→ M −→ N be an exact sequence of R-homomorphisms and R-
modules. Suppose that n, t and s be non-negative integers such that dimSupp(btL) <
n and dimSupp(bsN) < n. Then there exists a non-negative integer l such that
dimSupp(blM) < n.
Proof. Set l := t + s. It is enough to show that for each p ∈ SpecR with dimR/p ≥ n,
we have
(blM)p = (bRp)
lMp = 0.
To do this, let m ∈Mp and we consider the exact sequence
Lp
f−→Mp g−→ Np,
of Rp-modules and Rp-homomorphisms. Now, for each u ∈ bsRp we have g(um) =
ug(m) = 0, and so um ∈ Kerg = Imf . Thus there exists v ∈ Lp such that um = f(v).
Also, for each w ∈ btRp, we have
wum = wf(v) = f(wv) = 0.
Hence blRpm = (b
tRp)(b
sRp)m = 0, and therefore (bRp)
lMp = 0, as required. 
We are now ready to state and prove the generalization of the Faltings’ Theorem for
the annihilation of local cohomology modules over a Gorenstein ring.
Theorem 2.10. (Faltings’ Annihilator Theorem) Assume that R is a Gorenstein ring
and M a finitely generated R-module. Let a and b be ideals of R such that b ⊆ a. Then,
for every non-negative integer n,
f ba (M)n = λ
b
a(M)n.
Proof. Let f ba (M)n = h. Then there exists a non-negative integer t such that for all
integers i < h we have,
dimSupp(btH ia(M)) < n.
Thus (btH ia(M))p = 0 for all i < h and for all p ∈ SpecR with dimR/p ≥ n, and so
f
bRp
aRp
(Mp) ≥ h for all p ∈ SpecR with dimR/p ≥ n. Hence, on use of [4, Theorem 9.3.5],
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we have
f ba (M)n = h 6 inf{f bRpaRp (Mp) | p ∈ SpecR and dimR/p ≥ n}
6 inf{λbRpaRp(Mp) | p ∈ SpecR and dimR/p ≥ n} = λba(M)n.
Now, for proving the inequality f ba (M)n ≥ λba(M)n, there are two cases to consider.
Case 1. Suppose that dimR/a ≤ n. Then the set
T := {p | p ∈ V (a) and dimR/p = n},
is finite. Let T = {p1, . . . , ph} and consider an integer j with 1 6 j 6 h. Set tj =
ht pj − λba(M)n. Since ht pj = grade(pjRpj , Rpj ), we can deduce from Lemma 2.7 that
there exists sj ∈ N such that
ctj (Mpj )
sjH ipjRpj (Mpj ) = 0 for all i < ht pj − tj = λ
b
a(M)n.
Moreover, in view of Proposition 2.8, bRpj ⊆ ctj (Mpj ). Set t = max{s1, . . . , sh}. Then
(btH ia(M))pj = ((bRpj )
tH iaRpj (Mpj )) ⊆ ctj (Mpj )
tH ipjRpj (Mpj ) = 0 for all i < λ
b
a(M)n.
Hence p1, . . . , ph 6∈ Supp(btH ia(M)), and so dim Supp(btH ia(M)) 6 n − 1. Therefore
f ba (M)n ≥ λba(M)n, as required.
Case 2. Now, suppose that dimR/a > n and we show that f ba (M)n ≥ λba(M)n.
Suppose, the contrary, that f ba (M)n < λ
b
a(M)n and look for a contradiction. To this end,
as R is Noetherian, we can (and do) assume that a is a maximal element of the set
Σ := {a′ ∈ I (R) | there exists b′ ∈ I (R) with b′ ⊆ a′ and f b′a′ (M)n < λb
′
a′(M)n},
where I (R) denotes the set of all ideals of R. Let p1, . . . , ph be the distinct minimal
primes of a. Then there is an integer i with 1 ≤ i ≤ h such that dimR/a = dimR/pi. By
[4, Exercise 9.4.9] and Proposition 2.8, we have
bRpi ⊆ c(ht pi−λba(M)n)(Mpi) = (c(ht pi−λba(M)n)(M))pi .
Therefore there exists u ∈ R \ pi such that bRu ⊆ (c(ht pi−λba(M)n)(M))u. As dimR/pi > 0,
there exists q ∈ SpecR such that pi $ q. Let v ∈ q \ pi and w ∈ ∩j 6=ipj \ pi. Set s := uvw.
Then in view of [4, Exercise 9.4.9], we have
bRs ⊆ (c(ht pi−λba(M)n)(M))s = c(ht piRs−λba(M)n)(Ms) = c(ht aRs−λba(M)n)(Ms).
Since grade(aRs, Rs) = ht aRs, it follows from Lemma 2.7 that there exists t1 ∈ N such
that
(c(ht aRs−λba(M)n)(Ms))
t1H iaRs(Ms) = 0 for all i < λ
b
a(M)n.
Hence bt1H iaRs(Ms) = 0 for all i < λ
b
a(M)n. Therefore, by virtue of [4, Theorem 4.2.1],
we have bt1H ia(Ms) = 0 for all i < λ
b
a(M)n. Since a $ a + Rs $ R, it follows by
the ‘maximality’ assumption on a that λba+Rs(M)n ≤ f ba+Rs(M)n. Now, as in view of
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[4, Remark 9.2.3], λba(M)n ≤ λba+Rs(M)n, it follows that there exists t2 ∈ N such that
dimSupp(bt2H ia+Rs(M)) ≤ n− 1 for all i < λba(M)n. By the exact sequence
· · · −→ H ia+Rs(M) −→ H ia(M) −→ H ia(Ms) −→ · · ·
and Lemma 2.9, it follows that there exists t ∈ N such that dimSupp(btH ia(M)) ≤ n− 1
for all i < λba(M)n. Therefore λ
b
a(M)n ≤ f ba (M)n, and this contradiction completes the
proof. 
Lemma 2.11. Let f : R −→ R′ be a surjective homomorphism of Noetherian rings and
let f ∗ : SpecR′ −→ SpecR be the induced map. Then for any R′-module L,
SuppRL = f
∗(SuppR′L).
Proof. Follows easily from [10, Proposition 3.2] and [3, Ch. IV, Sec. 3, Proposition 7]. 
Lemma 2.12. Let f : R −→ R′ be a surjective homomorphism of Noetherian rings, and
a and b be ideals of R such that b ⊆ a. Let M ′ be a finitely generated R′-module. Then
f ba (M
′)n = f
bR′
aR′ (M
′)n.
Proof. Let f ∗ : SpecR′ −→ SpecR be the induced map. Then, for each t ∈ N0, we have
f ∗(SuppR′(bR
′)tH iaR′(M
′)) = SuppR(bR
′)tH iaR′(M
′) = SuppRb
tH ia(M
′),
and so dimR′(bR
′)tH iaR′(M
′) = dimR b
tH ia(M
′). Thus
f ba (M
′)n = f
bR′
aR′ (M
′)n,
as required. 
Before we state Theorem 2.14 which is the main result of this paper, we give a couple
of lemmas that in the proof of Theorem 2.14.
Lemma 2.13. Let a and b be ideals of R such that b ⊆ a. Let M be a finitely generated
R-module, and let c be an ideal of R such that c ⊆ (0 :M). Then
λba(M)n = λ
(b+c)/c
(a+c)/c(M)n.
Proof. In view of [4, Lemma 9.2.6] we have
λba(M)n = inf{λbRpaRp(Mp) | p ∈ SpecR and dimR/p ≥ n}
= inf{λ(bRp+cRp)/cRp(aRp+cRp)/cRp(Mp) | p ∈ SpecR and dimR/p ≥ n}
= inf{λ((b+c)/c)p/c((a+c)/c)p/c(Mp/c) | p/c ∈ SpecR/c and dim(R/c)/(p/c) ≥ n}
= λ
(b+c)/c
(a+c)/c(M)n,
as required. 
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We are now ready to state and prove the main result of this paper which is a generaliza-
tion of the Faltings’ Theorem for the annihilation of local cohomology modules whenever
the ring R is a homomorphic image of a Noetherian Gorenstein ring.
Theorem 2.14. Assume that R is a homomorphic image of a Gorenstein ring. Let a
and b be ideals of R such that b ⊆ a, and let M be a finitely generated R-module. Then,
for each n ∈ N0,
f ba (M)n = λ
b
a(M)n.
Proof. By assumption there is a Gorenstein ring R′ and a surjective homomorphism of
Noetherian rings f : R′ −→ R. Let a′ and b′ be ideals of R′ such that a = a′R and
b = b′R. Then by Lemmas 2.12, 2.13, and Theorem 2.10,
f ba (M)n = f
b′R
a′R (M)n = f
b′
a′ (M)n = λ
b′
a′(M)n = λ
b
a(M)n,
as required. 
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